I.INTRODUCTION
The study of Yang-Mills connections on Riemann surfaces is of importance in string theory. The space of self-dual connections provides a model for Teichmüller space [1] . Clearly, the world sheet of a string is a 2-dimensional surface immersed in R n (For convenience we consider both the world sheet and the target space as Euclidean). The immersion induces a metric on the world sheet. The second fundamental form of the surface determines its extrinsic geometry. We [2] have developed a formalism to study the dynamics of the world sheet conformally immersed ( by conformal immersion it is meant that the induced metric is in the conformal gauge ) in R 3 and R 4 using the generalized Gauss map [3] . The extrinsic curvature action can be written as a constrained Grassmannian σ-model action and the theory is asymptotically free.
Subsequently [4] we found a hidden Virasaro symmetry for surfaces of constant scalar mean curvature density (h √ g = 1). An action exhibiting this symmetry has recently been constructed [5] and it is a WZNW action. The quantum theory of this action has also been studied in [5] . It would be of interest to know if surfaces of constant scalar mean curvature (h=constant) exhibit novel properties, so that we get a better understanding of the many facets of the string world sheet. For such surfaces, it is known that the Gauss map from the world sheet M (regarded as a Riemann surface) into the Grassmannian G 2,n ≃ SO(n)/(SO(2) × SO(n − 2)) is harmonic for n = 3,4. It is the purpose of this paper to show that there exists a non-Abelian self-dual system for such surfaces.
It is instructive to compare our results with those of Hitchin [1] and Donaldson [6] . Hitchin [1] has obtained two dimensional self-dual Yang-Mills-Higgs system by dimensional reduction of the Euclidean 4-dimensional self-dual SU(2) Yang-Mills fields. By dimensional reduction here, one means that the fields are independent of Hitchin's equations were obtained.
In this paper, we first consider the Gauss map of a 2-dimensional surface into the Grassmannian G 2,n ≃ SO(n)/(SO(2) × SO(n − 2)) for n = 3, 4. We [4] have previously constructed SO(n) connections on the string world sheet. We project these onto SO(2)×SO(n−2) and the coset. The projection onto SO(2)×SO(n−2)
is identified as the gauge field (see sec.III) and that on the coset as the Higg's field. Using the Euler-Lagrange equations (harmonic map equations) for the surface, we show that this system is self-dual. In this analysis, the harmonic map has a geometrical interpretation. For immersion in R 3 and R 4 , the Gauss map is harmonic if the mean curvature scalar h is constant [7] . We next take up immersion in R n for n > 4 and show explicitly that when the Gauss map is harmonic, the mean scalar curvature of the surface is constant. The SO(n) gauge fields are constructed from the geometry of the surface. Using their projections onto the subgroup SO(2)×SO(n−2) and its complement in G 2,n , the self-dual system of Hitchin is obtained when and only when the Gauss map is harmonic. Thus our main result is:
Let M be an oriented surface immersed in R n and let M 0 be the Riemann surface obtained by the induced conformal structure on M. Let G : M 0 → G 2,n be the Gauss map. Let A be the flat SO(n) connection induced on M 0 defined by the adapted frame of the tangents and (n-2) normals to M. The projection of A expressed in terms of the coordinates of the quadric Q n−2 taken as the model for G 2,n , onto SO(n − 2) × SO(2) and its complement in G 2,n satisfy Hitchin's self dual system of equations when the Gauss map is harmonic.
Recently, Dunne, Jackiw, Pi and Trugenberger [8] positive roots, they [8] and Dunne [9] obtain Toda equations. We obtain similar results for the Gauss map.
In this way, we find that the (extrinsic) geometry of the string world sheet is closely related to the self-dual system of Hitchin [1] , Donaldson [6] and to the static configuration of (2+1) self-dual non-Abelian Chern-Simons theory at the classical level.
II.PRELIMINARIES
Consider a 2-dimensional (Euclidean) string world sheet M immersed in R n .
Let M 0 be the Riemann surface obtained by the induced conformal structure on M. Locally on the surface, we have two tangents and (n-2) normals. The Gauss map is,
The induced metric is
G 2,n admits a complex structure. It is convenient to regard G 2,n as a quadric in
= 0, where Z i are the homogeneous coordinates on CP n−1 . A local tangent 2-plane to M is an element of G 2,n , or equivalently a point in Q n−2 . Then [3] we have,
where
and ψ is a complex function of z andz which can be determined in terms of the geometrical properties of the surface. As not every element of G 2,n is a tangent plane to M, the Gauss map (2) has to satisfy (n-2) conditions of integrability [3] . These were explicitly obtained in
Ref. 3 for immersion in R 3 and R 4 and by us [11] for R n (n > 4). We first consider immersion in R 3 and R 4 .
For immersion in R 3 , Φ µ is parametrized as,
where f is complex. The Gauss map integrability condition is,
The mean curvature h(= N µ H µα α ) is given by,
which is known as the Kenmotsu equation [10] . The normal N µ to the surface can be expressed in terms of f as,
The energy integral of the surface is,
which is also the extrinsic curvature action
The Gauss map is said to be harmonic if f satisfies the Euler-Lagrange equations and it then follows from (5) that h is constant [7] .
and so Φ µ is parametrized in terms of the two CP 1 fields, f 1 and f 2 as,
The Gauss map integrability conditions are,
Then the components of H 
and the mean curvature h 2 = (h
The Gauss map is harmonic if f 1 and f 2 satisfy (15) and by (13) harmonicity of the Gauss map from M into G 2,4 implies that the immersed surface has constant h for immersion in R 4 . It is to be noted that f 1 and f 2 should also satisfy the second requirement in (10) for them to describe the Gauss map.
In Ref. 4 , we have considered tangents to
along with the (n-2) normals. Then, the local orthonormal
, for i = 3 to n and (A z ) ij is an antisymmetric n × n matrix. A similar equation for thez derivative defines (Az) ij . A z and Az are easily seen to transform as SO(n, C) gauge fields under local SO(n) transformations of (
which follows from (16) [4] . These non-Abelian gauge fields are constructed from the geometrical properties of the surface alone and so they are characteristics of the world sheet. Using equations (3) and (6), it is easily verified that A z for immersion in R 3 is given by,
Similarly, using equations (9) and (10), and denoting
The gauge field Az can be obtained by replacing z derivatives byz derivatives and it is seen that (A z ) † = −Az . Further, from (16) it is easily verified that the gauge fields satisfy,
III.HARMONIC MAP AND SELF-DUAL SYSTEM
We now project the gauge fields constructed in the previous section onto SO(2)× SO(n − 2) and its orthogonal complement in G 2,n for n = 3 and 4. 
The remaining generators of L G will be denoted by L(σ). Consider a local gauge group associated with G. We have,
and introduce,
The field strength associated with ω α (g) is zero. In fact, ω α (g) is same as −A z and −Az and is equivalent to (16) with g(z,z) as the n × n matrix formed by the two tangent vectorsê 1 andê 2 and the (n − 2) normals N µ i . Under a local gauge transformation generated by u(z,z) ∈ H, we have,
Thus −A z and −Az transform as gauge fields under SO(2) × SO(n − 2) gauge transformation. The projection of ω α (g) onto L H and its orthogonal complement are,
and it is straightforward to verify that under (22),
So, a α (g) transforms as a gauge field under local gauge transformations belonging to H and b α (g) transforms homogeneously.
Now we consider immersion in R 3 . The SO(3) gauge fields A z and Az in (17) are projected onto SO(2) and its orthogonal complement in G 2,3 . Denoting the anti-Hermitian generators of SO(3) as
The gauge group in (22) is U(1). Similar projections for Az are made. It can be
Once we have a flat connection which can be decomposed as a z and b z ( and similarly for Az), we have,
where we have made use of the group structure underlying (25), namely; the first equation in (26) is in the Cartan subalgebra while the second in T 1 and T 2 directions:
hence both must separately vanish. The second equation in (26) gives the self-dual property if each side vanishes. This we shall prove by using the equations of motion (15), namely for harmonic Gauss map. Explicitly, from (17), we find,
and,
Then we find that,
if and only if L(f ) = 0. Thus for surfaces of constant h, i-e for harmonicGauss maps, we find that,
Further a z transforms as an SO(2) gauge field while b z transforms homogeneously.
We have thus obtained Hitchin's self-dual Yang-Mills-Higgs system for harmonic The basic equations (30) are very similar to the self-dual Chern-Simons system considered in Ref.8. Fujii [14] examined the relationship between Toda systems and the Grassmannian σ-models. We now extend our cosiderations for R 3 . In anology with [8] , the matter density ρ = ρ 3 T 3 is,
We recall the following relations for Gauss map in R 3 . With √ g = exp(φ),
where H αβ is the second fundamental form. It can be verified by using the equation of motion (8) 
where | H zz | 2 = exp(φ E ) and ∂ z ∂zφ E = 0. When we consider f to be antiholomorphic, thenF = 0 and (39) reduces to the Liouville equation for h = 1, For immersion in R 4 , when we consider f 1 and f 2 both anti-holomorphic, we obtain,
The Cartan matrix for SO(4) is K αβ = −2δ αβ . Then we obtain,
where ρ 6 and ρ 3 are the coefficients of T 6 and T 3 in (42) . When f satisfies the Euler-Lagrange equation L(f ) = 0, the immersed surface has h constant. If f is anti-holomorphic, the Gauss map is a map from S 2 into G 2,3 . This can be seen by noting that,
where g is the genus of the surface. Since the right hand side is positive definite, it follows that g = 0 unless f = 0.
IV.HARMONIC MAPS IN
We now consider immersion of 2-dimensional surfaces in R n , n > 4. There are two reasons for this consideration. First of all, the gauge field a z in the two cases considered (n=3 and 4) is Abelian embedding in SO(3) and SO(4). This is similar to the choice in Ref. 8 and 9 . We would like to realize the non-Abelian property of a z which occurs when n > 4. Secondly, the result that harmonic Gauss map implies constant mean curvature scalar, has been proved for immersion in R 3 by Ruh and
Vilms [7] and can be proved from our [2] results for h and the Euler-Lagrange equations for immersion in R 4 . For immersion in R n , n > 4, such a result has not yet been explicitly obtained to the best of our knowledge. In this paper we prove this and use it to obtain the self-duality equations for harmonic Gauss maps.
We recall the essential details of the Gauss map of surfaces in R n from our earlier paper [11] and from Hoffman and Osserman [10] . Φ µ of Q n−2 in (2) is parametrized in the following manner. Let (z 1 , z 2 , . . . ., z n ) be the homogeneous coordinates of
Let H be the hyperplane in CP n−1 defined by H : (z 1 − iz 2 ) = 0. Then Q * n−2 = Q n−2 \ {H} is biholomorphic to C n−2 under the correspondence [10] ,
where,
for j = 1, 2, ...., n − 2. In (42) and in what follows we use the summation convention that repeated indices are summed from 1 to n − 2, unless otherwise stated.
Conversely, given any (ζ 1 , ..., ζ n−2 ) ∈ C n−2 , the point,
satisfies (41) and hence defines a point in the complex quadric Q n−2 . The FubiniStudy metric on CP n−1 induces a metric on Q n−2 [11] which is computed as,
We [11] found it convenient to introduce an n-vector,
for k = 1, 2...(n − 2) and,
where 1 k stands for 1 in the (k + 2)th position. The algebraic properties of A µ k and a µ k have been established in [11] . The (n − 2) real normals to the surface have been obtained as,
where the (n − 2) × (n − 2) matrix O has been defined in [11] .
The (n − 2) complex functions ζ i (z,z) where z,z are the isothermal coordinates on M have been shown to satisfy (n − 2) conditions so that they can represent the Gauss map [11] . The mean curvature scalar h of the surface has been shown to be related to Gauss map by,
which is the generalization of the Kenmotsu equation to immersion in R n .
Theorem.2
Let M and M 0 be as defined in Theorem 1. Then, if the Gauss map G : M → G 2,n is harmonic, the mean curvature scalar h of M is constant.
Proof
The Gauss map is said to be harmonic if the (n-2) complex functions ζ i satisfy the Euler-Lagrange equations of the 'energy integral' [11] ,
The above 'energy integral' is also the action for the extrinsic curvature of the surface M, namely, √ g| H | 2 . The Euler-Lagrange equations that follow from the extremum of E are given by,
Upon using the above Euler-Lagrange equations in the expression for (ℓnh) z in (51) it follows that the mean curvature scalar h of the surface M is constant. Q.E.D
We now construct SO(n) gauge fields on the surface M. The defining equation
for them is (16) with Φ µ given by (44) and the (n − 2) normals by (49). The various components of A z are given below.
Az can be obtained by replacing the z-derivatives byz derivatives. They define the SO(n) gauge fields on the surface M. We now project them on to SO(2) × SO(n − 2) and its orthogonal complement in G 2,n ≃ SO(n)/(SO(2) × SO(n − 2)).
Denoting these projections by a z and b z respectively (and similarly for az and bz),
we have,
From the general considerations described in (24), it follows that a z transforms as a gauge field under local SO(2) × SO(n − 2) gauge transformation while b z transforms homogeneously. It can be verified that a z in (55) is indeed a non-Abelian gauge field when n > 4. Further the construction and the gauge group structure of a z are quite different from those of Donaldson [6] . The gauge connection a z contains contributions from both the tangent space and the normal frame to M reflecting SO(2) × SO(n − 2) group structure. The orthogonal complement b z on the other hand receives from interaction of tangents with the normals. As b z transforms homogeneously under the local SO(2) × SO(n − 2) gauge transformations, it can be identified with the Higg's field of Hitchin. Realizing that A z = −(a z + b z ) and using (19) we immediately obtain (26) exploiting the group structure underlying (55) and (56). A similar feature has been used by Donaldson [6] . In order to prove that second equation in (26) gives the self duality, namely the vanishing of both the sides, we make use of the Euler-Lagrange equation (52) component of the self-duality equation for i ≥ 3 which follows from (55) and (56).
where the structure of (55) and (56) have been used. Using the definition that
) and (16), we find,
The expressions for (Az) 12 , (A z ) 2i , (A z ) 12 and (Az) 2i have been given in (54).
The quantity N µ i ∂ z ∂zê 1 is calculated using (44) to be,
Using the expressions for A µ k in (47) and Φ µ in (44), the above quantity has been evaluated using,
and the Euler-Lagrange equations of motion (52) (harmonic map requirement) for the zz-derivatives of ζ's. We then find,
which is the required self-duality equation. Similarly the other components have been verified. This proves our main result that for immersed surfaces in R n for n > 4, the surface M admits Hitchin's self-dual system when the Gauss map is harmonic.
Explicit solutions to the self-dual equations for the gauge group SO(2) × SO(n − 2)
are given by (55) and (56), where the complex functions ζ's satisfy the equation of motion (52).
V.CONCLUSIONS
We have considered certain properties of oriented string world sheet immersed in R n . The immersion is described by the Gauss map from the Riemann surface induced by the conformal structure on the immersed surface into G 2,n . For n = 3 and n = 4, when the Euler-Lagrange equations following from the extrinsic curvature action expressed in terms of the coordinates of the Grassmanian are satisfied, the Gauss map is harmonic and the mean curvature scalar of the immersed surface is constant. For such a class of surfaces, we have made use of the SO(3) and SO (4) two dimensional gauge fields constructed by us [4] and projected them onto the subgroup and its orthogonal complement in the Grassmannian G 2,3 and G 2,4 . The projection onto the subgroup transforms as a gauge field belonging to the subgroup while the complement transforms homogeneously. By identifying the complement with the complex Higg'sfield, we are able to prove the existence of solutions to
Hitchin's self-dual equation for constant h immersions in R 3 and R 4 . This study complements our earlier result that h √ g = 1, surfaces exhibit Virasaro symmetry.
The quantum theory of these surfaces have recently been studied by us [5] .
The self-dual system so obtained for harmonic maps is compared with the selfdual Chern-Simons system. A generalized Liouville equation involving extrinsic geometry is obtained. As a particular case, when the map is anti-holomorphic the familiar Toda equations are obtained.
We have generalized the results to conformal immersion of 2-dimensional surfaces in R n , for arbitrary n, using the results of the generalized Gauss map. We prove that the surface has constant mean curvature when the Gauss map is harmonic.
This harmonicity condition or Euler-Lagrange equation is used to show that for such surfaces, there exists Hitchin's self-dual system.
The general action for the string theory will be a sum of the Nambu-Goto action and the action involving extrinsic geometry. When the theory is described in terms of the Gauss map, we have earlier [2] noted that both the actions can be expressed as Grassmannian sigma model. Explicitly,
In general the mean curvature scalar h will be a (real) function of ζ and so the study of the action S will be complicated since we have a space-dependent coupling for S N G in this frame work. When surfaces of constant h are considered or when the Gauss map is harmonic, it is easy to see that the total action is just a Grassmannian sigma model with one effective coupling constant. Since the classical equations of motion for this action are identical to (52), it is possible to study the quantization in the background field method.
